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Precedents and objectives of the research

The research, the results of which are presentddisnthesis is the continuation of
F014284 (finished in 1997) and T02531&finished in 2001) OTKA programs. The
first version of the 3D density model of the litbbgre of the Pannonian basin
(Papp 1996a) was created in the framework of FO44Q8KA research program.
That model used rectangular prism as volume elenmafierent versions of the geoid
were computed by its application for the territofyHungary. Such a 3D model makes
possible — with specific conditions — to determdiiferent parameters of the gravity
field (gravitational acceleration, geoid undulatiogravitational potential, gravity
anomaly) analytically. Furthermore, because of tlgorous functional relations
between the parameters of the field created frardénsity model by forward model-
ling, it is possible to test numerical methods (@xample a specific solution of the
Stokes integral) which transform from one systerparfameters to another one. In the
T025318 OTKA research program the lithosphere mo@el extended to describe the
Carpathian-Pannonian Region. One of the aims effglogram was to determine the
gravitational field lines going through the topggnec masses using forward modelling
techniques. Based on the model calculations it pessible to study the order of dif-
ference between the horizontal coordinates of aifipesurface point obtained from
GPS measurements (Helmert projection) and its gtioje point corresponding to its
elevation coordinate determined by levelling (Riz@trojection). Furthermore, it
became possible to compute the free-air gradieatiofed order partial derivatives in
vertical direction of the gravity potential) usimgpalytical methods and it was also
possible to determine territorial distribution aviations from its normal value within
the Pannonian Basin (Csap6 and Papp 2000). Basttkanodel used for the investi-
gations detailed above | tested the effect of tbmtpdensity of gravity data on the
accuracy of geoid undulation determined by the &dkFT method (Benedek 2000,
2001). For the test all geodetic boundary valugavity anomalies) and also the
boundary surface to be determined (geoid undulptiere derived analytically from
the model. The OTKA program included the comparisbsimulated deflections of
the vertical data with the 138 available astro-gtioddeflections of the vertical data.
The OTKA studies mentioned above indicated thatréfinement of the model
is beneficial in some applications. One possibiltyo apply a more realistic volume

! OTKA Nr.: F014284 High precision modelling of tilyeavity field and geoid computation in Carpathian-
Pannonian Region, 1994-1997, Principal Investigd&app Gabor

2 OTKA Nr.: T025318 The effect of local charactddstof the Earth’'s gravity field on geodetic comaties.
Simulation studies in the Pannonian basin, 19982B@incipal Investigator: Papp Gabor
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element which improves the geometrical descriptibthe structural surfaces. Such a
simple geometric element is the polyhedron, becauwd®ws creating bodies bounded
with oblique surfaces. Its application can provédmore realistic geometrical descrip-
tion of boundary surfaces, without height jump whis an unavoidable artifact of the
description made by rectangular prisms. In this vihg artificial gravitational effect
due to the step-like structure can be eliminatdte $tepped structure mainly influ-
ences the second and the third order derivativéiseopotential in near surface points.
Furthermore, the effect of the Earth's curvature loa taken into consideration during
computations, because the polyhedral geometry altbe description of this model in
a global coordinate system (e.g. WGS84). Compardlet rectangular prisms the ana-
lytical formulas of the polyhedron’s gravitational potential and its higher order
derivatives are more complicated so their calcoiais more time consuming. Re-
cently there is a HP A500 dual processor computtr &v64 bit architecture that pro-
vides the needed computational capacity at GGRIgHAcad. Sci., Sopron.
One aim of my thesis was to compare the contribstio geoid undulation and gravity
anomaly synthetically computed from polyhedron amedtangular prism models
describing the crustal structure of the Carpatiftannonian region. Furthermore, |
wished to compare the second order vertical devestdetermined from these two
models in near-surface points by forward modelliimgthis comparison | wanted to
involve in situ measurements (Csap6 and Papp Zi00¢hose the Soskut testing area
of Tech. Univ. Budapest (TUB) as a target arearfodel computations. The third aim
was to give an estimate of the gravitational couotion of the different geological
units such as topography, upper mantle and Neogete@hary sedimentary complex
to the second derivatives of disturbing potential to the elements of the EO6tvos
tensor by using the extended, regional scale (&k#annoniarCarpathian region)
lithosphere model. | wanted to study whether théboard gradiometric observations
of the GOCE(Gravity and Steady-State Ocean Circulation Expenitysatellite could be
applicable to deduce some regional information altlwel horizontal density variation
of the crust as well. | aimed also to derive forasulor the transformation of the com-
puted second derivatives of the potential in lo@gaing the rectangular prism as
volume element) and in global (using the polyhedasrnvolume element) coordinate
systems. Based on this | also wanted to determmeffect of the Earth's curvature on
field parameters.

| wished to study the analytical behaviour of tbenfula given for the gravita-
tional potential of the polyhedron volume elememd #he numerical characteristics of
its higher order derivatives in points close to dadform the effective source, and



also the accuracy of model computation and the-toresumption of the analytical
formulas.

Resear ch methods and results

| applied the theorems of the potential theory éfiree the domains of formulas de-
scribing first and second derivatives of the gawinal potential and the potential it-
self generated by the polyhedrons.

Using vector analysis | derived analytical formutas the gravitational poten-
tial and its first and second derivatives of thé/pedrons.

| developed a program system in HP Fortran langi@geomputing the gravi-
tational potential of the polyhedron and the fastl second derivatives of the poten-
tial.

For the forward modelling of the gravity field redd quantities | used different
models of the topography of the AlpifeannoniarCarpathian (ALPACA) region
built up with triangular prisms and polyhedronsrakime elements.

Computational and modelling results were compacethéasurements in cer-
tain cases and | managed to show the advantagesngf the polyhedron models.

| used different coordinate systems (planar anfaj)owvhich are transformable
into one-another. | applied various models (elemmgnand optimised) of rectangular
prisms generated by different methods represemiiedocal (planar) mapping system
and polyhedron elements defined in the global Gatecoordinate system. These
models are also transformable into one-anotheretisea one-to-one geometrical cor-
respondence between the corner points of prismgalythedrons). Using these mod-
els | was able to estimate the effect of the Eadhtvature.

In my thesis | summarised and completed the armalytormulas of the gravita-
tional potential and its first and second ordenvdgives of the polyhedron volume
element. Using vector analysis | gave a uniformvagion for the formulas. | demon-
strated that passing from surface integrals to arontintegrals using either
Gauss-Ostrogradsky or Stokes theorem leads tonfinttie same vector function, and
to define it one have to solve a quasi-linear déiféial equation. | proved that the do-
mains of the analytical formulas could be extenttethe domains deducted from the
potential theory, thus the singularities of thenfafas can be eliminated.

| studied the numerical stability of the polyheditmased model in points close
to and far the effective source giving each paation those limits where 1) the ana-
lytical formulas become senseless or 2) the nurakeeicor is dominating in computed
value. As far as first derivative of the potenimiconcerned | completed the relation



given by Holstein and Ketteridge (1996) and Hotstei al. (1999) with new relations
about the potential and its second order derivativeshowed by double precision
computations that using the polyhedral model of Ah® ACA region the error of the

forward computation of the second order derivativeshe potential is less than 1%
within the studied area.

| compared the runtimes of the potential and itsvdéves applying the poly-
hedron algorithm and the cod for the rectangulsnpoptimised by D. Nagy (1988).

Based on a 5 ks 5 km DTM of the Carpathian Basin and a 500<r&00 m
DTM of Hungary | created polyhedron and differeypie (elementary and optimised)
rectangular prism models for both territories. Biothhe elementary rectangular prism
and the polyhedron models horizontal dimensionthefvolume elements is equal to
the resolution of the relevant DTM, while the veati dimensions of the volume ele-
ments are equal to the values given by the DTM tpdnother rectangular prism
model (optimised) was created based on the minimumber of volume elements
principle (Kalmar et al. 1995). Using various maddeveloped from a 5 km 5 km
DTM, the order of the average and the standardatiewi of the computed gravita-
tional disturbance at the geoid level is about fdGal andt 0.5 mGal throughout the
800 kmx 600 km computational area which includes alsat¢hetory of Hungary. In
the second application | used models derived fr@® & x 500 m DTM, and the
computation was made on a 6% x 150km territory of the Northern Mid Moun-
tains Range. The computations which were perforatee geoid level show that the
differences between the results computed from op#idhprism and polyhedron mod-
els appear more remarkably on the low plains thrahigher territories.

A big advantage of the polyhedron volume elemerih# it can describe the
surface without jumps in height, so the second roddgivatives of potential iz are
much smoother and more realistic in near surfaces.pti can be deduced from the
study carried out on the Séskut test area of TUB ithaccordance with the theory the
second order derivatives computed from polyhedradehat 1 m height above the
topographic surface are correlating fairly welltwibpography. To model the second
order derivatives of the potential in near-surfaoints the polyhedron volume ele-
ment is needed. Even if the rectangular prism malderived from a 10 ¥ 10 m
DTM the variation of the derivatives between adpgmints (for example points of a
25 mx 25 m grid) can be too (unreal) high. Thereforedbeelation between the val-
ues itself and the surface is low. In the six poihSoskat geodetic network dedicated
for studying deformation, vertical gradient (VG)was computed from the polyhedron
model of the area fits well with the measureme@isapo6 és Papp 2000) apart from a



shift, but the values obtained from rectangulasmprimodel are in contradiction with
the measured values.

From results of the synthetic gravitational modgjlifor the planed orbit altitude
(CR50km) of GOCE satellite it was found that the indivadl contribution of the to-
pography and the upper mantle to the second dem@gabf the disturbing potential
reach 1 EOtvos. In case of the Neogene-Quaterrediments this contribution is
several hundredths of E6tvos unit only, but thisti# higher than the projected meas-
urement sensitivity. As the topography and the grmBstribution of the sediments
are known much better than the density contrasi@to—the boundary between the
lower crust and the upper mantle — we can use fyathetically modeled contribu-
tions as correction in relation with the measureent orbit altitude. Residuals
(i.,e GOCE measurements — corrections) can be ctad/arto density values with in-
version, so the density contrast at Moho surfacebeaestimated more precisely.

For forward computation of the contribution of ttegographythe polyhedron
model is recommended (i.e. using global coordisgttem) because of the effect of
the Earth's curvature for this component is gretiten the sensitivity of the satellite
gradiometer. When computing the contribution of #ftect of the sediments it is
enough to use local coordinate system, i.e. realangrisms because the effect of the
curvature is estimated to be in the order of theenmange. If 10% accuracy is enough,
then the local system is sufficient for the inversi

Summary of new scientific results
o )
Xy

Rie

which analytical formula of gravitational po-

1. | defined the general solutioi(r,)= R, Of that quasi-linear partial

differential equationO, f,(r,)= ri
MP
tential of polyhedron can be reduced to. In theegansolution by choosing suit-
able functiong we can get the individual solutions of other aushback. | com-
pleted the existing analytical formulas for thestffiorder derivatives of the poten-
tial given by other authors with formulas for thetgntial and the second order de-
rivatives of the potential in case when these wetedetermined by them.
| determined numerical stability ranges for conanvolved in the analytical
formulas of gravity potential and its first and sed order derivatives. | also de-
termined limiting values of constants in criticalipts and | set up a classification
for the formulas determining the constants basethemeeded computation time.



2.

| gave an estimation and defined functions for rilkenerical errors of analytical

formulas of potential and its derivatives. The esrare for the polyhedron func-

tion of normalised distance (normalisation was atfated by linear dimension of

polihedron) of the computation point. | handled thgonent appearing in these
functions as a parameter. It was 2.2 and 3.0 ia oaghe potential and the second
order derivatives of the potential applying the @iions of double precision com-

putation and 100% error level. | showed that theewcal error is less than 1%

either for far (at e.g. GOCE orbital altitude) aan surface (<1 m) points if the

polyhedron model of the crustal structure of ALPACA
(Alpine-PannoniarCarpathian) region is used for forward computations

| found a correlation between the time of the cotapon and the computational
parameters (number of volume elements and compaotdtpoints) of the polyhe-

dron and rectangular prism model. The time neededdlculating gravity poten-

tial and its first order derivative with the algiwn developed by me is 1.5 times
more using polyhedrons than the one optimised byaDy (1988) for the rectan-

gular prisms, applying double precision arithmetic

Modelling the vertical gradient of gravity (VG) mear-surface points based on
DTM having 10 mx 10 m resolution the rectangular prism approacls e pro-
vide enough accuracy. The change of the secona dedvatives by of disturb-
ing potential can be too high even between adjgoeintts (25 m). In near surface
points the second order derivative breacts sensitively to the stepped structure of
the modelled surface due to the geometry of theangelar prism. Therefore the
observed correlation between the surface and tdiggrts, the existence of which
follows from the theory is very weak. The appliocatiof polyhedrons, however,
may improve significantly the correlation evenhétresolution of the basic DTM
is not increased as it is proven by the computatmmthe Séskut test are of TUB.
| also showed that using polyhedron model, the gbanof the computed VG
(vertical gradient) values between the 6 networktsocorrelate well with the
changes of the VG values derived from in situ gyaebservations.

By the application of forward modelling, | demormdéd that the individual contri-
butions of the topography and of the upper mauotlhé second derivatives of the
disturbing potentiall certainly reaches one EO6tvos unit in the plannéatude
(CR50 km) of the GOCE (Gravity and Steady-State Oc&arulation Experiment)
satellite. The contribution is only several hundhed E6tvos in case of the
Neogene-Quaternary sedimentary complex. Additignall found that in the



ALPACA region the effect of the Earth’s curvatusedan average of 10% of the
absolute value of local contributions i.e. sevéxaidredth E6tvos unit in the stud-
ied altitude range (300 km400 km). Considering the topography the effedhef
Earth’s curvature on the second order derivativieth® potential highly exceeds
the sensitivity of the satellite gradiometer. Irs€af the sediments this effect is
estimated to be within the expected noise rangbeomeasurements.

| found also that when one eliminates the effectoplography and of the sedi-
ments from the measurements of the GOCE, the gradieservations can be
transformed into density contrast value by meansnweérsion of the residual
effect. It gives a real chance to increase theigigtof the density contrast value
at the Moho surface.

Utilizing the outcomes of the thesis

The result of these studies contradicts the germgalion that using polyhedrons in
forward modelling is less efficient than the apalion of the mostly used rectangular
prisms. Its reasoning is based on the complexitioohulas and the time consuming
character of computations. By the presented studeesan affirm that usage of the
two volume elements (the rectangular prism and gblhedron) in computations
complements one-another, because depending orctild gask both may have either
advantage or drawback. The needed runtime of cangpof the gravitational poten-
tial of the polyhedron and its higher order deiiied is one and half fold of the run-
time of rectangular prism computations, but it banreduced further by using optimal
formulas. Depending on the actual object it habdadecided that between the con-
flicting criteria of accuracy and rapidity which @ns to be favoured. As | demon-
strated, in case of computing first or second od#givatives near to the source body
the difference between the results computed wightebo different volume elements
can be significant. Therefore, if these paramedegsto be simulated for e.g. compari-
son with observations only the application of pelgions may lead to acceptable re-
sults. | proved by numerical studies of that thenalas derived for computation of the
gravitational effect of the polyhedron are numdhcstable both in the vicinity of the
source body and far from it (for example at théwade of GOCE). The numerical error
either in local or in regional scale is not gredt&n 1%. In case of the potential and
its first and second order derivatives of polyheditds possible to estimate numerical
error based on the functions derived by me.

In general we can say that in the vicinity of tleerihant source body or near to
the surface of a density jump, description of thavdgy field parameters (geoid



undulation, gravity disturbance, gradients of gngvcan be more accurate when the
description of the boundary surface in the vicirofythe point is more detailed. One
effective method for this can be the usage of tiigh@dron.

The algorithm for the computation of the gravitygaaial and its higher order
derivatives can be exploited in education for destr@ating gravity field of geological
bodies, natural and artificial deposits and caweweaill.

For modelling the density inhomogenities in thetkgfor example structural
inhomogenities of lithosphere, natural deposits) mmdelling the consequences in the
surface and the subsurface space of the exogenmstly erosional) processes the
polyhedron approach is more justified. In such sake usage of the polyhedron for
modelling together or instead of the rectangulamprshould be considered.
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